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Gravitational waves can provide an accurate measurement of the luminosity distance to the source,
but cannot provide the source redshift unless the degeneracy between mass and redshift can be
broken. This makes it essential to infer the redshift of the source independently to measure the
expansion history of the Universe. We show that by exploiting the clustering scale of the gravita-
tional wave sources with galaxies of known redshift, we can infer the expansion history from redshift
unknown gravitational wave sources. Using gravitational wave sources with unknown redshift that
are detectable from the network of gravitational wave detectors with Advanced LIGO design sensi-
tivity, we will be able to obtain accurate and precise measurements of the local Hubble constant, the
expansion history of the universe, and the gravitational wave bias parameter, which captures the
distribution of gravitational wave sources with respect to the redshift tracer distribution. This tech-
nique is not only limited to the low redshift gravitational wave sources, but will be also applicable
to the high redshift gravitational wave sources detectable from Laser Interferometer Space Antenna
(LISA), Cosmic Explorer (CE), and Einstein Telescope (ET). Moreover, this method is also going to
be applicable to samples of supernovae and fast radio bursts with unknown or photometric redshifts.

I. INTRODUCTION

Measurement of the current expansion rate of the Uni-
verse, known as Hubble constant (denoted by H0), as
well as its value at different cosmological redshifts, is
one of the key science goals in the field of Cosmology.
This endeavour, which started with the first measure-
ment of H0 by Edwin Hubble [1], has been typically per-
formed via electromagnetic probes which can be classi-
fied as standardized candles (e.g., supernovae (SNe)) [2–
4], standard rulers (e.g., cosmic microwave background
(CMB), baryon acoustic oscillation (BAO)) [5–9], and
standard clock [10–13]. All these different probes have
become increasingly successful in making precision mea-
surements of H0, but have failed to converge to a sin-
gle value of the Hubble constant. In fact, low redshift
probes to the Universe such as SNe [4] are indicating
a value of H0 = 74 ± 1.4 km/s/Mpc , whereas the
probes which depend on the high redshift Universe such
as big bang nucleosynthesis (BBN), CMB, BAO indicate
a value of Hubble constant H0 = 67.4 ± 0.5 km/s/Mpc
[14, 15]. An independent measurement of H0 = 73.8+1.7

−1.8

km/s/Mpc from the time delay of the strongly lensed
low redshift events by the H0LiCOW [16] also supports
the mismatch. This discrepancy in the value of H0
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between the probes from the early-time Universe and
probes from the late-time Universe differs by more than
4σ [17]. However independent measurements using the
Tip of the Red Giant Branch (TRGB) as calibrators have
indicated reduction in the discrepancy in the value of
H0 = 69.8 ± 0.8 (stat)± 1.7 (sys) km/s/Mpc [18]. A few
studies have also proposed the possible sources of system-
atic in the H0 measurement from the late-time [19, 20].
However, there is as of yet no conclusive evidence that
settles this mismatch by either any systematic, and/or
invoking new physics, and hence independent probes are
required to settle this discrepancy.

The direct detection of gravitational waves has recently
offered a new independent probe of cosmic expansion.
From the gravitational wave chirp generated by compact
object binary mergers, one can infer luminosity distances
[21–27], leading to such sources being named standard
sirens. The intrinsic luminosity of the gravitational wave
source depends on the chirp mass, and its evolution with
the frequency of the gravitational wave is solely dictated
by the general theory of relativity [21, 22]. As a result,
there is no need for additional calibration of the luminos-
ity of the gravitational wave strain, apart from any sys-
tematic uncertainty arising from the gravitational wave
detector calibration [28] and statistical uncertainty aris-
ing from the inclination angle [25].

Though standard sirens are promising, using them for
the measurement of the expansion history requires an
independent measurement of their redshift. The gravita-
tional wave signal alone does not provide this informa-
tion in the absence of a known scale arising from either
the tidal deformation [29] or mass-gap in the binary black
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FIG. 1: We show the normalised posterior of the Hubble constant H0 = 100h0 km/s/Mpc for different number of
gravitational wave sources distributed up to redshift z = 0.5 for the sky localization error ∆ΩGW = 10 sq. deg after
marginalizing over cosmological parameter Ωm and nuisance parameters related to the gravitational wave bias
parameters bGW (z). The constraints are also similar for ∆ΩGW = 25 sq. deg. In vertical dashed line we show the
region between 16th and 84th percentile of the distribution for each cases. The vertical magenta dashed line denotes
the injected value of h0 = 0.7 indicating reliable recovery in all cases. For comparison we also plot the measured
value of h0 = 0.674±0.005 by the Planck collaboration [8] and the value of h0 = 0.74±0.014 by the SH0ES Team [4].

hole (BBH) sources due to pair instability supernova [30].
Another possibility to determine the redshift is by iden-
tifying the host galaxy using a coincident detection of
an electromagnetic (EM) counterpart from the gravita-
tional wave source. This joint electromagnetic and grav-
itational wave measurement was done for the first time
by the Laser Interferometer Gravitational-wave Observa-
tory (LIGO) Scientific and Virgo Collaborations (LVC)
from the binary neutron star merger GW170817 and led
to an independent measurement of the Hubble constant
H0 = 70+12

−8 [14]. As shown in [31–33], the joint estima-
tion of the electromagnetic signal and gravitational wave
signal requires peculiar velocity correction to the gravi-
tational wave sources. In general, the error bar on H0

is more than 15% and, is currently not competitive with
the measurements from CMB (< 1%) and SNe (∼ 1.5%).
However in the future with the measurement of a large
number of sirens (∼ 50) with EM counterparts, one can
achieve a 2% measurement of H0 [34, 35]. Another av-
enue to reduce the error-bar on the value of H0 is by the

measurement of the inclination angle 1 by either measur-
ing the two polarization states of the gravitational wave
signal using an expanded network of three or more grav-
itational wave detectors [25] or by using the higher order
multipole moments of the gravitational wave signal [36].
Measurement of the inclination angle is also possible by
accurately modelling the EM emission from the jet of
the gravitational wave source (e.g., [37–39], though note
this method may introduce astrophysical modelling un-
certainty.

Consistent with the single binary neutron star (BNS)
detection with EM counterpart so far [40, 41], the ex-
pected number of gravitational wave sources with a EM
counterpart in the cosmic volume that can be explored
by the Advanced LIGO/Virgo and KAGRA detectors be
small, since only BNS and neutron star black hole (NS-
BH) systems are expected to have a detectable EM coun-
terpart [42]. Also every BNS and NS-BH event may not

1 The angle between the line of sight and the system’s orbital an-
gular momentum.
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have a detectable EM counterpart e.g., [43–46]2. Suc-
cessful detection of the EM counterpart requires the flux
of the EM counterpart to be higher than the detection
threshold of follow-up telescopes, and also the sky local-
ization area needs to be small enough to do a fast search
of the EM counterpart before the EM counterpart fades
away [47]. As a result, BNS and NS-BH systems which
are farther away and have a poor sky localization may
not have a detectable EM counterpart, similar to the BNS
event [45]. These issues such as the rate of events, fainter
EM counterparts, and poor sky localization can therefore
be a serious bottleneck for measuring H0 the expansion
history of the Universe using gravitational waves sources
on the time scale of ten years with an accuracy of ∼ 2%
[34, 35, 48].

Gravitational wave sources such as BBHs which have
higher intrinsic luminosity than the BNS systems can
be detected from farther away, granting us access to a
larger detectable cosmic volume leading and, therefore,
a higher possibility of detecting such systems. However,
the majority of BBHs which are detectable in the fre-
quency band of the Advanced LIGO/Virgo detectors are
not expected to have EM counterparts from themselves,
unless there is presence of baryons surrounding the BBH,
where a candidate was recently announced [49]. We refer
to the astrophysical systems without any EM counter-
parts as dark standard sirens. Due to the absence of the
EM counterpart, identification of the host galaxy is not
possible, and hence their redshift cannot be identified in
the standard way. This implies that a large number of
detected BBHs without EM counterparts cannot be used
to measure the Hubble constant in the usual way by fit-
ting the measured luminosity distance and redshift. An
alternative approach is required to make these a useful
probe of the expansion history of the Universe.

A possibility of using the dark standard sirens is to sta-
tistically obtain the host galaxy from galaxy catalogues
[34, 50–52]. An application of this for the existing grav-
itational wave data was performed in previous studies
[53–56]. These methods can be a promising way to ob-
tain H0 but are not optimal, as we will discuss in the
following section. A forecast study of this method report
the possibility of making H0 measurement at the level of
5.8% in the future with 50 objects [34, 51, 55] 3 from only
the low redshift sources and keeping the value of matter
density of the Universe Ωm fixed. These methods asso-
ciate a probability to each galaxy as a possible host of
the dark sirens [55], and is only effective up to low red-
shift when the number of galaxies are limited. However,
if the method is applied to the high redshift sources, then

2 The nature of the lighter companion of the binary system for
GW190814 [46] is most likely a black hole. However, at present,
the data and models for neutron star equation-of-states cannot
conclusively exclude the possibility it is a neutron star.

3 Scaling the previous bounds from [34] and [55] as 1/
√
NGW in-

dicates similar error-bar.

the possible host along a particular direction of the sky
is going to be large, and as a result the method is not in-
formative enough to choose the correct galaxy as a host.
As a result, it restricts the use of dark sirens to low red-
shift even if accurate distance measurement is possible
for sources at high redshift from the LIGO/Virgo design
sensitivity [57, 58], and from the upcoming gravitational
wave detectors such as Kamioka Gravitational Wave De-
tector (KAGRA) [59], LIGO-India [60], Laser Interferom-
eter Space Antenna (LISA) [61], Einstein Telescope (ET)
[62], and Cosmic Explorer (CE) [63]. An alternative way
to find the redshift of the source is by exploring any mass
scale associated with the compact objects originating due
to neutron star mass distribution [64, 65], tidal deforma-
tion [29] or using the mass-gap in the gravitational wave
source population due to the pair instability supernova
[30].

In this work, we explore a method which can be ap-
plied up to high redshift (up to which galaxy samples are
going to be available) and can measure the value of H0

along with the density of dark energy, equation of state
of dark energy, and also the spatial distribution of black
holes with respect to the dark matter distribution. We
exploit the fact that both the gravitational wave sources
and galaxies are tracers of matter density, and there-
fore they are spatially correlated through the underlying
matter field, to infer the redshift of the dark standard
sirens [21, 66, 67]. We build on the previous work, where
clustering with galaxies was applied to redshift unknown
(or photometrically known) SNe [67]. Our method does
not identify the host galaxy of the BBH source, but finds
its host redshift shell by exploring the three-dimensional
spatial cross-correlation of the gravitational wave sources
with redshift-known galaxies. Host galaxy identification
is therefore in the limit of our approach that only exploits
very small, galaxy-scale correlations [67].

We detail the formalism of this method and the like-
lihood setup in Sec. II and Sec. III respectively. Our
method does not require making any additional assump-
tion about the redshift dependence of the merger rate
of gravitational waves sources but only requires that the
BBH mergers traces galaxies (incorporating the possibil-
ity of natal birth kicks), so that there is a spatial correla-
tion, as discussed in Sec. IV. We show a forecast for the
accuracy and precision of the measurements ofH0 achiev-
able with our method in Fig. 1 after marginalizing over
the matter density Ωm, and the redshift dependent grav-
itational wave bias parameter bGW (z) = bGW (1 + z)α.
Details about this result are given in Sec. V. Moreover,
since dark sirens can be detected up to high redshift, this
method makes it possible to also explore the expansion
history of the Universe and can provide an independent
measurement of the cosmological parameters related to
matter density Ωm, dark energy equation of state w0,
and its redshift dependence w(z) = wa(z/(1 + z)). This
method can also explore the bias parameter of the gravi-
tational wave sources at different redshifts bGW (z), which
will capture its spatial distribution with respect to dark
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matter. This method will also be applicable to the multi-
messenger test of gravity proposed previously [68, 69].
The breadth of the scientific returns possibly from this
avenue surpasses the statistical host identification meth-
ods [34, 51, 55]. For comparison, we apply our method to
only low redshift sources with fixed value of Ωm, assum-
ing a known value of the gravitational wave bias parame-
ter bGW . We find that the the error-bar on H0 from these
methods [34, 51, 55] is more by only about 30% than our
method. This implies in the limit of low redshift sources,
these methods [34, 51, 55] approach the optimal solution
proposed in this work. We conclude in Sec. VI.

II. FORMALISM: EXPLORING THE
CLUSTERING OF THE GRAVITATIONAL WAVE

SOURCES WITH GALAXIES

The matter distribution is clustered and can be statis-
tically described by the correlation function ξ(r)4 [70–74].
Astrophysical gravitational wave events are expected to
occur in galaxies, and hence are going to follow the spa-
tial distribution of the galaxies with a bias parameter
bGW that is different from the bias parameters for galax-
ies bg

5. According to the standard model of cosmology,
the spatial distribution of galaxies should trace the un-
derlying distribution of matter in the Universe, and can
be expressed as a biased tracer of the matter density field
δm(k) by the relation,

δg(k) = bg(k)δm(k), (1)

where bg(k) is the galaxy bias, δg(k) is the Fourier

transformation of the real space galaxy density field de-
fined in terms of the number density of galaxy ng(r̂)
at a position r and mean number of galaxies n̄g.

6 as
δg(r) = ng(r)/n̄g − 1 A spectroscopic (or photometric)
survey results in observations of galaxies in the redshift
space denoted by superscript s, which leads to a red-
shift space distortion (RSD) in the density field [75]. The
large scale effect due to RSD (known as the Kaiser term)
[75, 76] is

δsg(k, z) = bg(k, z)(1 + βgµ
2
k̂
)δrm(k, z), (2)

where β ≡ f/bg(k, z) defined in terms of f ≡ d lnD
d ln a which

is the logarithmic derivative of the growth function D

with respect to the scale factor a, µk̂ = cos n̂.k̂ is angle

between the line of sight and the Fourier mode k̂, and
the superscript r denotes real space. Following the def-
inition Eq. (1), we can define the density field for the
gravitational wave sources in real space δrGW as

δrGW (k, z) = bGW (k, z)δrm(k, z) (3)

where bGW (k, z) is the gravitational wave bias parame-
ter [32, 67, 77–79]. The gravitational wave bias param-
eter captures how gravitational wave sources trace the
large scale structure in the Universe [77]. Since the grav-
itational wave sources are tracers of luminosity distance
and not redshift, they are not affected by RSD. The cor-
responding power spectrum between the field can then
be written as

〈(
δsg(k, z)
δrGW (k, z)

)(
δsg(k

′, z) δrGW (k′, z)
)〉

=

(
P ssgg (k, z)δD(k − k′) + n̄g(z)

−1 P srg GW (k, z)δD(k − k′)
P srg GW (k, z)δD(k − k′) P rrGW GW (k, z))δD(k − k′) + n̄GW (z)−1

)
,

(4)

where P ijxy(k, z) is the three dimensional power spectrum
at redshift z associated with the clustering between two
tracers ({x y} ∈ {g,GW}) in redshift space or real space
({i j} ∈ {s, r}), δD(k− k′) denotes the Dirac delta func-
tion, and n̄x(z)−1 is the shot noise contribution which
is non-zero only when x and y are the same. The red-
shift tomographic estimate of the auto power spectrum
(x = y) and cross power spectrum (x 6= y) between galax-

4 Correlation function ξ(r) is related to the power spectrum P (k)
by Fourier Transformation.

5 If primordial black holes (PBHs) are dark matter, then the dis-
tribution of PBHs are also going to be biased tracer of the galaxy
distribution.

6 n̄g ≡ Ng/Vs =
∑

i ng(ri)

ies and gravitational wave sources can be written in terms
of the matter power spectrum Pm(k, z) as

P ssgg (k, z) = b2g(k, z)(1 + βgµ
2
k̂
)2Pm(k, z),

P srg GW (k, z) = bg(k, z)bGW (k, z)(1 + βgµ
2
k̂
)Pm(k, z),

P rrGW GW (k, z) = b2GW (k, z)Pm(k, z).

(5)

Due to the presence of redshift space distortion (RSD)
[75], the observed auto (and cross) power spectrum with
galaxies are anisotropic. The bias parameter for galax-
ies bg(k, z) and gravitational wave sources bGW (k, z) are
modelled as redshift and scale-dependent. At large scales
(k < 0.1) the galaxy bias is scale-independent, and be-
haves like a constant value bg = 1.6 [80–82]. For the
sources of gravitational wave, we can also expect similar
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scale-independent behaviour of the bias parameter bGW
in the large scales. However, at the small scales, the bias
parameter is likely to be scale-dependent. The redshift
dependence of the gravitational wave bias parameter is
also unknown and we will discuss its implication in detail
in the next section.

One of the key aspects of Eq. (5) is that the underly-
ing cross power spectrum between galaxies and gravita-
tional wave sources P srg GW (k, z) is related to the matter

power spectrum Pm(k, z), which is also measurable from
the auto power spectrum of galaxies P ssgg (k, z). As a re-
sult, Pg GW (k, z) should follow similar statistical proper-
ties as P ssgg (k, z). We exploit this very simple model to use
the spatial cross-correlation of galaxies with gravitational
wave sources to infer the luminosity-distance–redshift re-
lation and hence the cosmological parameters.

III. LIKELIHOOD FOR INFERRING THE
EXPANSION HISTORY USING DARK

STANDARD SIRENS

Let us consider a sample of NGW gravitational wave
sources (denoted by i) for which we have inferred the

luminosity distance {dil} to the source over a sky vol-
ume denoted by Vs. For each of these sources there is
also a measurement of the sky localization {θiGW , φiGW }
with a 68% sky localization error ∆ΩiGW for each source.
The presence of sky localization error will smooth out
the density fluctuations for values of k > keff (z) ≡√

8 ln 2/(∆Ω
1/2
GW dc(z)), where dc(z) is the comoving dis-

tance to the source.7 Critically, assuming a Gaussian
distribution of the sky localization error, we can write
the effect of sky localization on the density field as

δGW (k,∆ΩGW , z) = δGW (k, z)e−k
2/k2eff (z). Along with

the gravitational wave sources, we consider number of
galaxy samples Ng = n̄gVs in the overlapping sky vol-
ume Vs with the known redshift zg and an error σz and
the sky position denoted by {θg, φg} with an error on the
sky position ∆Ωg.

8 Using galaxies samples with known
redshift, we can make tomographic bins of the galaxies
with Nz galaxies in each redshift bin.

The expansion history of the Universe (H(z) =
H0(Ωm(1 + z)3 + Ωde exp (3

∫ z
0
d ln(1 + z)(1 + w(z))))0.5

and the corresponding cosmological parameters (Θc ∈
{H0, Ωm, w(z) = w0 + wa(z/(1 + z))}) can be explored
from dark standard sirens using the Bayes theorem [83]

P(Θc|ϑGW ,dg) ∝
∫∫

dΘn dz

[NGW∏
i=1

L(ϑGW |P ssgg (k, z),Θn,dg(z))P(dg|P ssgg (k, z))P({dil}GW |z,Θc, {θi, φi}GW )Π(z)

]
× Π(Θn)Π(Θc),

(6)

where, the gravitational wave data vector is composed
of ϑGW ≡ {dil, θiGW , φiGW } and the galaxy data vec-
tor is composed of dg ≡ {δg(zig, θig, φig)}. Π(Θc) and
Π(Θn) denotes respectively the prior on the cosmologi-
cal parameters Θc and prior on the nuisance parameters
Θn ∈ {bGW (k, z)}. Π(z) denotes the prior on the red-
shift range of the gravitational wave sources which can be
taken uniform over a wide range. In the presence of a red-
shift information about the gravitational wave sources,
an informative prior on the redshift can be considered. In
this analysis we consider a uniform prior U(0, 1)9 on the
redshift unknown gravitational wave sources; this is suf-
ficiently wide for the near-term and medium-term gravi-
tational wave surveys we are considering.
P({dil}GW |z,Θc) is the posterior on the luminosity dis-

tance dl from the gravitational wave data ϑGW which, for

7 Comoving distance dc(z) is related to the luminosity distance
dl(z) by the relation dl(z) = (1 + z)dc(z).

8 For all practical purpose, sky localization error for galaxies can
be considered to be zero.

9 U(a, b) denotes the uniform function over the range (a,b).

convenience, we model as a Gaussian distribution.10

P({dil}GW |z,Θc, {θi, φi}GW )

∝ exp

(
− (dil({θi, φi}GW )− dl(z,Θc))

2

2σ2
dl

)
,

(7)

where, σdl is the error on the luminosity distance, and

dl(z,Θc) = (1 + z)
∫ z

0
c dz′

H(z′) is the model for the lumi-

nosity distance. The posterior of the galaxy density
field P(dg|Pgg(k, z)) given the galaxy power spectrum
Pgg(k, z) (mentioned in Eq. (6)) can be written as

P(dg|P ssgg (k, z)) ∝ exp

(
−

δsg(k, z)δ
s∗
g (k, z)

2(P ssgg (k, z) + ng(z)−1)

)
,

(8)

10 While this posterior is likely to be non-Gaussian in practice, we
make this assumption purely to construct a forecast that can be
compared to other studies making similar assumptions.
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where δsg(k, z) =
∫
d3r δg(r)eik.r is the Fourier decom-

position of the galaxy distribution, the first term in the
denominator P ssgg (k, z) is the galaxy three dimensional
power spectrum defined in Eq. (4), and ng(z) = Ng(z)/Vs

is the number density of galaxies in the redshift bin
z. The likelihood term L(ϑGW |Pgg(k, z),Θn,dg(z)) in
Eq. (6) is

L(ϑGW |P ssgg (k, z),Θn,dg(z)) ∝

exp

(
− Vs

4π2

∫
k2dk

∫
dµk

(
P̂ (k,∆ΩGW )− bg(k, z)bGW (k, z)(1 + βgµ

2
k̂
)Pm(k, z)e

− k2

k2
eff

)2

2(P ssgg (k, z) + ng(z)−1)(P rrGW GW (k, z) + nGW (z)−1)

)
,

(9)

where P̂ (k, z) = δg(k, z)δ
∗
GW (k,∆ΩGW ), nGW (z) =

NGW (dil(z))/Vs is the number density of gravitational
wave sources denoted in terms of the number of number
of objects in the luminosity distance binNGW (dil(z)), and
Vs denotes the total sky volume. The likelihood given in
Eq. (9) is maximized for that set of cosmological parame-
ters that transforms the galaxy density field from redshift
space to match or correlated maximally with the spatial
distribution of gravitational wave sources.

The integration in Eq. (9) takes into account the
anisotropic shape of the power spectrum by combining

the contribution from µk = cos n̂.k̂ arising due to RSD.
The total number of Fourier modes which contributes to
the signal depends on the volume of the sky survey given
by Nm = k2dkVs/4π

2. In the limit nx(z)Px(k, z) > 1,
the likelihood is in the cosmic variance limited regime,
and in the other extreme scenario nx(z)Px(k, z) < 1, it
is in the shot noise dominated regime. For the gravi-
tational wave sources expected within 5 years (with an
event rate R(z) = 100 Gpc−3 yr−1 [84, 85]), we are go-
ing to explore the cross-correlation between the galaxies
and gravitational wave sources only for small values of
k < keff in the shot noise regime nGWP

ss
GW GW (k, z) < 1.

Galaxy samples are going to be have O(109) galaxies
[86–92] and as a result, we are going to be in the cos-
mic variance limited regime for the values of k < keff .
So, the denominator of the exponent in Eq. (9), is go-

ing to scale as
4π2P ss

gg (k,z)

nGW (z) . With the availability of the

large number of gravitational wave samples, the mea-
surement is going to be in the cosmic variance limited
regime nGWP

rr
GW GW (k, z) > 1, and in that case the

denominator of the exponent can be approximated as
4π2P ssgg (k, z)P rrGW GW (k, z). In this analysis, we have
considered an analytical covariance matrix. This can be
also calculated from simulations for a specific mission of
large scale structure and gravitational waves experiment.

IV. GENERATION OF MOCK SAMPLE

We implement our method on a mock sample of large
scale structure and gravitational wave sources which are
produced for the log-normal distribution of the density
field using the publicly available package nbodykit [93].
The realization of the galaxies and gravitational wave
sources are obtained from the same random realization,
using a fixed matter power spectrum Pm(k, z) with differ-
ent bias parameters for galaxies and gravitational wave
sources bg and bGW respectively. In this analysis, we use
the mock samples with the box length (in units of Mpc/h)
[lx = 1350., ly = 1350., lz = 300] from redshift range
z = 0 to z = 1.0 with Planck-2015 cosmology [8]. These
mocks do not take into account the contribution from
weak lensing. Weak lensing is going to have a marginal
(≤ 1%) increase in the variance of the inferred cosmolog-
ical parameters for the low redshift gravitational wave
sources considered in this analysis.
Galaxy samples: The galaxy samples are produced for

a scale-independent bias parameter bg = 1.6 including
the effect from RSD [93]. The galaxy mocks are ob-
tained for the number of galaxies Ng = 1.5 × 104. The
redshift of these sources is assumed to be known spectro-
scopically, which implies the corresponding error in the
redshift measurement is σz ≈ 0.
Gravitational wave samples: For the same set of cos-

mological parameters and using the same realization of
the large scale structure density field for which galaxy
samples are produces, we obtain the gravitational wave
samples NGW

11 with the gravitational wave bias param-
eter bz = bGW (1 + z)α with bGW = 2 and α = 0. For
these samples we consider three different cases of sky lo-
calization error ∆ΩGW = 10 sq. deg., ∆ΩGW = 25 sq.
deg., and ∆ΩGW = 100 sq. deg. [94, 95] which are possi-
ble to achieve from the network of five gravitational wave
detectors (LIGO-Hanford, LIGO-Livingston, Virgo, KA-
GRA, LIGO-India [57–60]). For each gravitational wave

11 Different cases of NGW are considered in this analysis, and are
discussed in the respective sections
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sources, the fractional error on the luminosity distance
depends inversely on the matched filtering signal-to-noise
ratio (ρ) [25, 96–99]

ρ2 ≡ 4

∫ fmax

0

df
|h(f)|2

Sn(f)
, (10)

where the value of fmax is considered as fmerg =
c3(a1η

2 + a2η+ a3)/πGM [100] 12, Sn(f) is the detector
noise power spectrum, which we consider as the advance
LIGO design sensitivity [58] 13. The template of the grav-
itational wave strain h(f) for f ≤ fmerg can be written
in terms of the redshifted chirp mass Mz = (1 + z)Mc,
inclination angle with respect to the orbital angular mo-
mentum L̂.n̂ (which is denoted by the function I±(L̂.n̂)),
and luminosity distance to the source dL by the relation
[97, 100–103]

h±(f) =

√
5

96

G5/6M2
z(fzMz)

−7/6

c3/2π2/3dL
I±(L̂.n̂). (11)

In this analysis, we critically consider the posterior dis-
tribution of luminosity distance to be Gaussian with the
minimum matched filtering detection threshold ρth = 10
for equal mass binaries with masses 30M�.14 The frac-
tional error in the luminosity distance σdl/dl can be
about 10% for the bright sources having high detection
SNR ρ > 60 and be large as 70% for the objects at detec-
tion threshold ρ = 10. The mean value of the luminosity
distance are kept for the flat LCDM cosmological model
with the parameter values [H0 = 70 km/s/Mpc, Ωm =
0.315, ΩΛ = 1 − Ωm, w0 = −1, wa = 0]. The values of
the Hubble parameter is kept completely different from
the value of H0 considered in the large scale structure
mock sample (H0 = 67.3 km/s/Mpc) to show that the
inferred cosmological parameters are affected only by the
luminosity distance and not by the parameters assumed
in the mock catalog. For the gravitational wave sources,
we do not assume any redshift information. The cur-
rent estimate of the event rate of BBHs is R(z) = 102

Gpc−3 yr−1 [84]. With this event rate, we expect to see
a few thousands events detected per year with the ad-
vanced LIGO design sensitivity [58]. In this analysis, we
show the measurability of the expansion history consid-
ering a few different cases of the number of gravitational
wave sources NGW

15 and for the sky localization which
is expected to be achievable with a network of four/five
gravitational detectors.

12 M = m1 + m2 is the total mass of the coalescing binaries, η
is the symmetric mass ratio η = m1m2/M2, c is the speed of
light and G denotes the gravitational constant. The value of
the parameters are a1 = 0.29740, a2 = 0.044810, a3 = 0.095560
[100].

13 The noise curves are available publicly in this website
https://dcc-lho.ligo.org/LIGO-T2000012/public

14 M� = 2× 1030 kg denotes the mass of the sun.
15 We consider four cases of NGW = 50, 100, 200, 280 for this analy-

sis in the LIGO design sensitivity, which is expected to be easily
available with the network of gravitational wave detectors.

V. RESULTS

Using the mock samples of galaxies and gravitational
wave sources, discussed in Sec. IV, we explore the cosmo-
logical parameters which affects the expansion history of
the Universe16 (Hubble constant H0, matter density Ωm,
dark energy equation of state w(z)) using the formal-
ism described in Sec. III. The precise and accurate infer-
ence of the cosmological parameters using this method
will rely on successfully mitigating the uncertainties as-
sociated with the unknown bias parameter and its red-
shift dependence associated with the gravitational wave
sources. So, along with the cosmological parameters, we
also consider the gravitational wave bias parameter to
be unknown bGW (z) = bGW (1 + z)α and jointly infer the
value of bGW and α (these are our nuisance parameters
Θn ∈ {bGW , α}) is the analysis along with the cosmolog-
ical parameters. We consider three cases in this analysis:
(i). H0, Ωm, with fixed w0 = −1, and wa = 0; (ii). Ωm
and ΩΛ, with fixed H0 = 70 km/s/Mpc, w0 = −1, and
wa = 0; (iii). w0 and wa with fixed H0 = 70 km/s/Mpc
and Ωm = 0.315. Uniform priors on the cosmological
and nuisance parameters are considered in the following

range: Π

(
H0

km/s/Mpc

)
= U(20, 150), Π(Ωm) = U(0.1, 1),

Π(ΩΛ) = U(0, 1), Π(w0) = U(−2, 0), Π(wa) = U(−8, 8),
Π(bGW ) = U(0, 6), Π(α) = U(−4, 4) and Π(z) = U(0, 1).
We show the results only for the ∆ΩGW = 10 sq.
deg. However, the results for ∆ΩGW = 25 sq. deg.
only deteriorates marginally. For sky-localization error
∆ΩGW = 100 sq. deg., the impact on the error-bars for
the bias parameters are about a factor of two, and is less
for other parameters.

A. Measurement of H0, Ωm and bGW (z)

The joint-estimation of the cosmological parameters
H0 and Ωm along with the nuisance parameters are
shown in Fig. 2 for fixed value of w0 = −1 and wa = 0.
These results are obtained for the cases with Ng =
1.5 × 104, NGW = 200 17, and ∆ΩGW = 10 sq. deg
18. Results show that we can make the measurement
of H0 = 70 km/s/Mpc with an accuracy of 1.9% with
only NGW (z) = 40 BBHs in each redshift bin of width
∆z = 0.1 up to redshift z = 0.5 detectable with the
advance LIGO design sensitivity [58]. The result shown
in Fig. 2 also indicates that the gravitational wave bias
parameters bGW and α are uncorrelated with the cosmo-
logical parameters H0 and Ωm. As a result, uncertainty
associated with the gravitational wave bias parameter

16 Considering only the cosmological models with curvature ΩK =
0.

17 The total number of gravitational wave sources NGW =∫
N(z)dz.

18 Results with ∆ΩGW = 25 sq. deg changes only marginally.
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FIG. 2: We show the joint posterior of the cosmological parameters H0 = 100h0 km/s/Mpc and Ωm along with the
nuisance parameters related to the gravitational wave bias parameter bGW (z) = bGW (1 + z)α for number of
gravitational wave sources NGW (z) = 40 extended up to redshift z = 0.5, and sky localization error ∆ΩGW = 10 sq
deg. The 68%, and 95% contours are shown in these plots along with the input values by the blue line. The mean
value along with 1σ error-bar are mentioned in the title of the posterior distribution for all the parameters. Other
cosmological parameters such as w0 = −1 and wa − 0 are kept fixed for these results.

does not affect the inference of the cosmological parame-
ters (for the parametric form of the bias considered in this
analysis). This makes our method both precise and ac-
curate to infer the cosmological parameters. Using this
method we can measure the value of the gravitational
wave bias parameter with an σbGW

/bGW ∼ 27% with
only 200 BBHs at the advanced LIGO design sensitivity
[58]. The cross-correlation technique makes it possible to
measure the bias parameter even with the currently on-

going detector network and much before the operation of
next-generation gravitational wave detectors [62, 63] by
using the auto correlation between the gravitational wave
sources. This is an another additional gain which is not
possible from the other proposed methods [34, 51, 55].

The forecast posteriors on H0 (after marginalizing over
Ωm, bGW , α) for NGW = 50, 100, 200 gravitational wave
sources are shown in Fig. 1 along with the measure-
ment of Hubble constant H0 = 67.4±0.5 km/s/Mpc and
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FIG. 3: We show the joint posterior of the cosmological parameters ΩΛ and Ωm along with the nuisance parameters
related to the gravitational wave bias parameter bGW (z) = bGW (1 + z)α for number of gravitational wave sources
NGW (z) = 40 extended up to redshift z = 0.7, and sky localization error ∆ΩGW = 10 sq deg. The 68%, and 95%
contours are shown in these plots along with the input values by the blue line. The mean value along with 1σ
error-bar are mentioned in the title of the posterior distribution for all the parameters. Other cosmological
parameters such as H0 = 70 km/s/Mpc, w0 = −1 and wa = 0 are kept fixed for these results.

H0 = 74±1.4 km/s/Mpc from Planck [15] and SH0ES [4]
respectively. The uncertainty in the measurement of H0

decreases as the number of sources increases (∼ N
−1/2
GW )

and as the uncertainty in the luminosity distances de-
creases (∼ σdl/dl).

Fig.1 shows that a measurement of H0 from 200 dark
sirens (σH0

/H0 = 1.9%) compares favourably with that
which would be obtained from 50 sources with EM coun-
terparts (such as BNS and NS-BH, assuming σH0

/H0 =

2%, [34, 35]). However, as the number of detected dark
sirens is expected to outnumber the sources with EM
counterparts (such as BNSs and NS-BHs), one can ex-
pect the constraints on H0 from dark sirens to dominate
those from BNSs and NS-BHs, with very conservative as-
sumptions about the availability of galaxy redshift sur-
vey covering a substantial fraction of the sky. In sum-
mary, the H0 our method is going to provide both ac-
curate and precise measurements of H0 from dark sirens
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along with Ωm, and redshift dependent gravitational wave
bias parameter bGW (z) from the network of the advanced
with/without optical squeezing gravitational wave detec-
tors. Combining these two independent constraints would
achieve σH0

/H0 ∼ 1.4%, which is competitive with cur-
rent constraints from standard candles [4].

B. Measurement of ΩΛ, Ωm and bGW (z)

As our method can be applied to high redshift (up
to which galaxy surveys will be available), we can also
measure the energy budget in dark energy ΩΛ from dark
sirens. We make the joint estimation of the cosmological
parameters ΩΛ–Ωm along with the two bias parameters
bGW and α for the parametric form bGW (z) = bGW (1 +
z)α for a fixed value of H0 = 70 km/s/Mpc, w0 = −1 and
wa = 0 with NGW (z) = 40 up to redshift z = 0.7. The
corresponding plot is shown in Fig. 3. We show for the
first time that the energy budget of dark energy can be
measured from using dark sirens detectable within the
modest timescale with the advanced LIGO design sensi-
tivity [58] with only NGW = 280 BBHs. The Ωm and
ΩΛ are also uncorrelated with the bias parameters (bGW
and α), and as a result will not affect the measurement
of cosmological parameters. The measurement of ΩΛ and
Ωm gets less constraining for the limited number of grav-
itational wave sources if the value of H0 is not kept fixed.
However, joint estimation with H0 is possible with more
gravitational wave sources. This method is also useful
for the future gravitational wave detectors such as LISA
[61], ET [62], and CE [63] to measure ΩΛ, Ωm, and the
gravitational wave bias parameter bGW (z).

C. Measurement of w0, wa and bGW (z)

The two-parameter phenomenological model of the
dark energy equation of state wde = w0 + wa z/(1 + z)
is usually considered to explore the redshift dependence
of dark energy. Using our method, we show the joint
estimation of w0 and wa along with the two bias pa-
rameters bGW and α (for the parametric form bGW (z) =
bGW (1 + z)α) in Fig. 4 for NGW (z) = 40 extended up to
z = 0.7. We have kept the value of H0 = 70 km/s/Mpc
and Ωm = 0.315 fixed for flat LCDM model. This plot
shows that this technique is capable to infer the dark en-
ergy equation of state with Ng = 1.5× 104, NGW = 280
(up to redshift z = 0.7) for ∆ΩGW = 10 sq. deg. The
constraints on the values on w0 = −1 are possible with
3.4σ, however the constraints on wa are going to be weak
with the modest number of gravitational wave sources.
With more number of gravitational wave sources possi-
ble from the five years of observation with the Advanced
LIGO design sensitivity [58], we will be able to infer the
dark energy equation of state with higher accuracy (the

error on the parameter reduces by N
−1/2
GW ) for sources up

to redshift z ∼ 1. This independent avenue to measure

w0 and wa will also beaccessible from the next genera-
tion gravitational wave detectors such as LISA [61], ET
[62], and CE [63] for sources which are beyond redshift
z = 1. The gravitational wave bias parameters bGW and
α are also uncorrelated with the parameters describing
the dark energy equation of state and can be measured
with high statistical significance as shown in Fig. 4.

VI. CONCLUSIONS AND DISCUSSIONS

Gravitational-wave sources are accurate luminosity
distance tracers without requiring any external calibra-
tion, if instrument calibration can be achieved [28]. This
makes gravitational wave sources an exquisite probe to
measure the expansion history of the Universe by ex-
ploiting the luminosity distance and its redshift. How-
ever, inference of the redshift of the gravitational wave
sources requires either an EM counterpart or a known
mass scale (such as the mass scale associated with the
tidal deformation [29] and mass scale associated with the
pair instability of supernova [30]) to infer the redshift.
However, for most of the gravitational wave sources, mea-
surement of the mass scale is not going to be possible.
The alternative method to infer the redshift of the grav-
itational wave sources by exploiting the scale associated
with the three dimensional clustering property of cosmic
structures [67]. In this paper, we show the applicability
of this avenue for the gravitational wave sources to infer
the expansion history of the Universe.

Using the detector sensitivity expected from the cur-
rent generation gravitational wave detectors [57–60], we
show that with the modest number of gravitational wave
sources (∼ 100) we will be able to infer the Hubble con-
stant H0 with an accuracy ∼ 2.5% as shown in Fig.
1 for gravitational wave sources distributed up to red-
shift z = 0.5. The exploration of the clustering of the
gravitational wave sources with the galaxies makes it a
robust method to infer the Hubble constant using the
dark sirens. Going beyond Hubble constant, our method
makes it possible to measure the fraction of dark energy
in the Universe and its fundamental nature using the
gravitational wave sources with the network of current
generation gravitational wave detectors, as shown in Fig.
3 and Fig. 4. This is not possible currently from the
gravitational wave sources with EM counterparts (such
as BNS and NS-BH) due to observable horizon up to a
lower redshift (z < 0.5). As a result, only dark sirens can
be used to explore the expansion history of the Universe
with the currently ongoing network of gravitational wave
detectors.

Along with the measurement of the expansion history,
this method makes it possible to infer the gravitational
wave bias parameter and its redshift dependence bGW (z)
using the gravitational wave sources. The gravitational
wave bias parameter determines the spatial distribution
of the gravitational wave sources with respect to the dark
matter distribution and provides an avenue to measure
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FIG. 4: We show the joint posterior of the cosmological parameters w0 and wa along with the nuisance parameters
related to the gravitational wave bias parameter bGW (z) = bGW (1 + z)α for number of gravitational wave sources
NGW (z) = 40 extended up to redshift z = 0.7, and sky localization error ∆ΩGW = 10 sq deg. The 68%, and 95%
contours are shown in these plots along with the input values by the blue line. The mean value along with 1σ
error-bar are mentioned in the title of the posterior distribution for all the parameters. Other cosmological
parameters such as H0 = 70 km/s/Mpc and Ωm = 0.315 are kept fixed for these results.

this. Using our method, we can measure the bias param-
eter by more than 3σ precision with only 200 BBHs dis-
tributed up to redshift of z = 0.5 as shown in Fig. 2. With
the availability of the more gravitational wave sources,
the bias parameter can be measured with higher preci-
sion and accuracy. The cross-correlation with the galax-
ies makes it possible to detect the bias parameters of
gravitational wave sources sooner with higher statistical
significance than possible from the auto-correlation [79].

The redshift dependent bias parameter is not degener-
ate with the cosmological parameters as shown in Fig. 2,
Fig. 3, and Fig. 4, which makes it possible to reliably de-
tect the cosmological parameters even if the gravitational
wave bias parameter is currently unknown.

In the longer timescale with the operation of the next-
generation gravitational wave detectors such as LISA
[61], ET [62], and CE [63], we will be able to probe the
expansion history of the Universe up to a much higher
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redshift using the method proposed in this paper, with-
out inferring the EM counterparts to the gravitational
wave sources. So, the method proposed in this paper
will help in building the observation strategy of the fu-
ture gravitational wave detectors.

Finally, this method is not limited to gravitational
wave sources but also applicable to any other distance
tracers to infer the expansion history of the Universe
using the luminosity distance – redshift relation. Our
method is readily applicable to SNe samples which will
be detected with photometric redshift measurement from
Rubin Observatory [86], as already pointed by a previous
analysis [67]. In future, this method can play a crucial
role for cosmology with type-Ia SNe [104]. This method
will be useful in exploring the synergy between the up-
coming missions such as DES [105], Dark Energy Spec-
troscopic Instrument (DESI) [90], Euclid [87], Spectro-
Photometer for the History of the Universe, Epoch of
Reionization, and Ices Explorer (SPHEREx) [92], Nancy
Grace Roman Telescope 19 [88, 89, 91]. This method
is also applicable to Fast Radio Burst (FRBs) [106] to
infer their redshift for which host identification will be
difficult.
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